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6. The hyperbola H has equation X—Z—Z—Z =1, where a and b are constants.
a
The line L has equation y =mx+c, where m and c¢ are constants.

(@) Given that L and H meet, show that the x-coordinates of the points of intersection are
the roots of the equation

(a®’m* —b*)x* + 2a’mex +a*(c® +b*) =0

)
Hence, given that L is a tangent to H,
(b) showthat  a’m?=Db*+c’.
)
) X2 yz
The hyperbola H' has equation ——-—=1.
25 16
(c) Find the equations of the tangents to H' which pass through the point (1, 4).
(7)
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. The line x =8 is a directrix of the ellipse with equation

Leave |
blank

2 2
% +§ =1, a>0,b >0,

and the point (2, 0) is the corresponding focus.

Find the value of @ and the value of b.

(®)
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8. The hyperbola A has equation i(——y—:l.

6 4

The line |, is the tangent to A at the point P(4sect, 2tan?).

(@) Use calculus to show that an equation of |, is

2ysint = x—4cost

()
The line I, passes through the origin and is perpendicular to |, .
The lines I, and I, intersect at the point Q.

(b) Show that, as ¢ varies, an equation of the locus of Q is

(x*+y°)? =16x" -4y’
(8)

N 3 5 3 8 9 R A0 2 4 2 8



PhysicsAndMathsTutor.com June 2010

Question 8 continued

(Total 13 marks)
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8. The hyperbola H has equation

2 2

4
A A |
a b

(a) Use calculus to show that the equation of the tangent to H at the point
(acosh 6, bsinh @) may be written in the form

xbcosh @ — yasinh@ = ab

“)
The line / is the tangent to H at the point (acosh6, bsinh8), 6+ 0.
Given that /, meets the x-axis at the point P,
(b) find, in terms of a and @, the coordinates of P
2)
The line /, is the tangent to H at the point (a , 0).
Given that /, and /, meet at the point Q,
(c) find, in terms of a, b and @, the coordinates of Q.
(0))
(d) Show that, as 6 varies, the locus of the mid-point of PQ has equation
x(4y> +b%) =ab’®
(6)
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1. The hyperbola H has equation

| =

[a—
o))

Find

(a) the coordinates of the foci of H,
3

(b) the equations of the directrices of H.
(2)
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6.

The ellipse E has equation
2

=1

HES
+
<

The line /; is a tangent to £ at the point P (acos®, bsinB).

(a) Using calculus, show that an equation for / is

xcost9+ ysinf
a b

1

The circle C has equation

x2+y2:a2

The line /, is a tangent to C at the point O (acos8, asin8).

(b) Find an equation for the line /,.

Given that /, and /, meet at the point R,

(c) find, in terms of a, b and @, the coordinates of R.

(d) Find the locus of R, as @ varies.

“)

2

3

@)
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1. The hyperbola H has foci at (5, 0) and (-5, 0) and directrices with equations

x=—andx=—2.
5 5

Find a cartesian equation for H.

(M
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3. The point P lies on the ellipse £ with equation

S
9

N is the foot of the perpendicular from point P to the line x = 8
M is the midpoint of PN.

(a) Sketch the graph of the ellipse £, showing also the line x = 8 and a possible position
for the line PN.

1)
(b) Find an equation of the locus of M as P moves around the ellipse.

“4)
(c) Show that this locus is a circle and state its centre and radius.

3)
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1. A hyperbola A has equation

— ——==1, where a is a positive constant.

The foci of H are at the points with coordinates (13, 0) and (13, 0).
Find

(a) the value of the constant a,

©))

(b) the equations of the directrices of H.
3)
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7. The ellipse E has equation
2 2
i+l o1 asb>0
a b
The line / is a normal to £ at a point P(acosd, bsinf), 0< 0 < %
(a) Using calculus, show that an equation for / is
axsin® — bycos0 = (a® — b*)sin6 cos 0
)
The line / meets the x-axis at 4 and the y-axis at B.
(b) Show that the area of the triangle OAB, where O is the origin, may be written as
ksin26, giving the value of the constant k in terms of a and b.
“4)
(c) Find, in terms of a and b, the exact coordinates of the point P, for which the area of
the triangle OAB is a maximum.
(©))
20
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Further Pure Mathematics FP3

Candidates sitting FP3 may also require those formulae listed under Further Pure
Mathematics FP1, and Core Mathematics C1-C4.

Vectors

The resolved part of a in the direction of b is %

ua+ b

The point dividing AB in the ratio 4: u is
A+u

i ] k| (ab;—asb,
Vector product: axb =|ab|singfi=|a, a, a,/=|ab, —ab,
b1 bz b3 albz - a2bl

a'1 aZ a3
a.(bxc)=[b, b, b,|=b.(cxa)=c.(axb)
Cl CZ C3

If A is the point with position vector a=a,i + a,j+ a,k and the direction vector b is given by
b =D,i+b,j+b,k, then the straight line through A with direction vector b has cartesian
equation
X;al _ y;az _ Z;as (: ﬂ)
1 2 3

The plane through A with normal vector n=n,i + n,j+ n,k has cartesian equation

n,x+n,y+n,z+d =0whered =-a.n

The plane through non-collinear points A, B and C has vector equation
r=a+A(b-a)+u(c-a)=01-41—-u)a+ b+ uc

The plane through the point with position vector a and parallel to b and ¢ has equation
r=a+sb+tc

I+, B+n,y+d|

[2 2 2
n, +n, +n,

The perpendicular distance of (e, A, ) from n,x+n,y+n,z+d =0 is
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Hyperbolic functions
cosh? x—sinh? x =1
sinh 2x = 2sinh x cosh x

cosh 2x = cosh? x+sinh? x

arcosh x=|n{x+\/x2 —1} (x=1)

arsinh x = In{x+x* +1}

artanh x = %In(“—xj (| x]<1)
1-x
Conics
. Rectangular
Ellipse Parabola Hyperbola Hyperbola
Standard x> yr o 2 _ x> y* _ 2
Form ?+b_2_ y*© =4ax a_z_b_z_l Xy ==C
Parametric . (asec 6 btan 9) c
acosé,bsing 2 _ ct, —
Form ( ) (at”, 2at) (za cosh 6, b sinh 8) ( t)
£ . e<l _1 e>1 Y
ccentricity b? = a?(1—e?) €= b2 =a?(e?-1) =12
Foci (+ae, 0) (a,0) (+ae, 0) (V2c, +V2¢)
. : a a
Directrices x=ig X=-a X=ig X +y = +2e
X y
Asymptotes none none o iE x=0,y=0
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Differentiation

f(x) (x)
) 1
arcsin x
1-x?
1
arccos x -
1-x?
1
arctan x >
1+ X
sinh x cosh x
cosh x sinh x
tanh x sech? x
arsinh X ;
N1+ x?
arcosh x 1
x? -1
artanh x 1 5
—X

Integration (+ constant; a>0 where relevant)

f(x) Jf(x) dx
sinh x cosh x
cosh x sinh x
tanh x In cosh x
! arcsin (ij (x|<a)
a® —x? a
1 1 X

TR —arctan (—)

a” +X a a

1 X
. — arcosh | = |, In{x+\/x2—a2} (x> a)
Vx? —a? (aj
1 . X
—_— arsinh | = |, In{x++/x* +a’}
va? +x? ( j

a
1 a+x 1 X
21 5 —In =—artanh(—j (X <a)
a‘—x 2a |a—-Xx| a a
1 1 X—a
> —1In
X° —a 2a |Xx+a
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Arc length

( 2
s=|.,/1+ (—) dx (cartesian coordinates)

dx )’ dy ? .
— | +|—==| dt (parametric form)

Surface area of revolution

SROROE
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Further Pure Mathematics FP1

Candidates sitting FP1 may also require those formulae listed under Core Mathematics C1
and C2.

Summations

Do r?=in(n+1)(2n+1)
D oré=1in*(n+1)?

=1
r=1

Numerical solution of equations

The Newton-Raphson iteration for solving f(X) =0: X, =X, —%
Conics
woa | e
Stsg;ir?]rd y? = dax xy =
Parametric (a2, 2at) (ct, EJ
Form t
Foci (a,0) Not required
Directrices X=-a Not required

Matrix transformations

. . : cosd -siné
Anticlockwise rotation through @about O: | .
sin@ cosé

cos28  sin 20}

Reflection in the line y=(tan8)x: | .
sin26 —cos 26

In FP1, @will be a multiple of 45°.
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Core Mathematics C4

Candidates sitting C4 may also require those formulae listed under Core Mathematics C1, C2
and C3.

Integration (+ constant)

f(x) Jf(x) dx

sec? kx L iankx

tan x In|secx|

cot x In|sin x|

COSEC X —Injcosecx +cotx|,  Inftan(4 x)|
SEC X Injsecx+tanx|, Inftan(1x+47)

Juﬂdx = uv—fvd—udx
dx dx
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Core Mathematics C3

Candidates sitting C3 may also require those formulae listed under Core Mathematics C1 and
C2.

Logarithms and exponentials

xIna X

e =a

Trigonometric identities
sin(A+B) =sinAcosB £ cosAsinB
cos(A+B) =cosAcosB¥sinAsinB
tanAxtanB

tan(AtB) )= ——M— A+xB#(k+drx
( ) 1FtanAtanB ( (k+2)7)

sSnA+snB=2sn AJchosA_B

2 2
sinA—sinB:ZCosA+Bsin A-B

2 2
COSA+COSB=ZCOSA+BCOSA_B

2 2
cosA—cosB =-2sin A+Bsin A;B

Differentiation

f(x) f'(x)
tan kx k sec? kx
SeC X Sec X tan x
cot x —C0osec? X
COSEC X —COSEC X COt X
f(x) f(x)a(x) - f(x)g'(x)
9(x) (9(x))°
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Core Mathematics C2

Candidates sitting C2 may also require those formulae listed under Core Mathematics C1.
Cosine rule
a®=b?+c?—2bc cos A

Binomial series

n_ An n n-1 n n—-2y, 2 n n—rjr n
(a+b)"=a"+ " a"“b+ 5 a b +...+ ) a”'b'+...+b" (ne N)

|
where| " |="c, =— " _
r rr(n—r)!

1+x)" L (. BV
1x2

nin-1...(n-r+1) N

1x2x...Xr too (x|<1neR)

Logarithms and exponentials

log, x

log, X=
log, a

Geometric series

unzarn—l

a(l-r")
. 1-r
&:ifor |r| <1

Numerical integration

b
The trapezium rule: J y dx = 2h{(Yo+yn) +2(y2 + Yo+ ... + Yn_1)}, where h =B
n

a
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Core Mathematics C1

Mensuration
Surface area of sphere = 4zr?

Area of curved surface of cone= zr x dant height

Arithmetic series

up=a+(n-1)d

S = %n(a+|): %n[2a+(n—1)d]
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